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Abstract
We review the canonical superenergy tensor and the canonical angular su-
permomentum tensors in general relativity and calculate them for space-time
homogeneous Go¨del universes to show that both of these tensors do not, in
general, vanish. We consider both an original dust-filled pressureless acausal
Go¨del model of 1949 and a scalar-field-filled causal Go¨del model of Rebouc¸as
and Tiomno. For the acausal model, the non-vanishing components of su-
perenergy of matter are different from those of gravitation. The angular su-
permomentum tensors of matter and gravitation do not vanish either which
simply reflects the fact that Go¨del universe rotates. However, the axial (to-
tally antisymmetric) and vectorial parts of supermomentum tensors vanish. It
is interesting that superenergetic quantities are sensitive to causality in a way
that superenergy density gS00 of gravitation in the acausal model is positive,
while superenergy density gS00 in the causal model is negative. That means
superenergetic quantities might serve as criterion of causality in cosmology
and prove useful.
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I. INTRODUCTION
In this paper we calculate the canonical superenergy tensor and the canonical angular
supermomentum tensor for homogeneous spacetimes of the form first investigated in general
relativity by Go¨del in 1949 [1,2]. Since we can see galaxies are now rotating there have
been suggestions that their rotation is primordial and originated from a global rotation of
an early Go¨del spacetime [3,4]. The Go¨del’s solutions attract considerable interest because
they describe rotating universes that possess the completely unexpected property of closed
timelike curves (CTCs). However, generalized Go¨del models which do not contain CTCs
have been found in general relativity in the presence of massless scalar fields [5], and in
gravity theories derived from an action containing terms quadratic in the Ricci curvature
invariants [6], in five-dimensional gravity theories [7], or in string-inspired gravity theories
[8]. We study both causal and non-causal Go¨del universes and find their superenergetic
properties.
The paper is organizing as follows. In Section II, after giving some remarks about energy-
momentum in general relativity, we present our definition of the superenergy tensors for
gravitation and for matter. In Section III we introduce the angular supermomentum tensors
and give some hints about the application of these superenergy and angular supermomentum
tensors in general relativity. In Section IV we present a short review of some other approaches
to the problem of energy and superenergy in general relativity. Section V is devoted to the
calculation of superenergetic quantities for the acausal Go¨del spacetime. In Section VI
the superenergetic quantities for a generalized causal Go¨del-Rebouc¸as-Tiomno spacetime
are given. In Section VII we present our conclusions and in the Appendix we give some
useful formulas (for instance Bel-Robinson tensor components) to calculate superenergy and
angular supermomentum for the models under consideration.
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II. SUPERENERGY TENSORS
In general relativity the gravitational field which is given by Levi-Civita connection
Γikl = Γ
i
lk (i, j, a, b . . . = 0, 1, 2, 3)
1 does not possess an energy-momentum tensor. The
only objects which can be defined are energy-momentum pseudotensors and this is a conse-
quence of the Einstein Equivalence Principle. Old and new investigations (see, eg. [9]) have
shown that the best solution to the energy-momentum problem in standard general relativity
(without supplementary objects like distinguished tetrad fields, an auxilliary metric or an ar-
bitrary vector field) seems to be the application of the Einstein canonical energy-momentum
pseudotensor Et
k
i [10,11] and the canonical double-index energy-momentum complex [10,11]
EK
k
i =
√
|g|(T ki +E t ki ), (2.1)
where T ik is a symmetric energy-momentum tensor of matter which appears on the r.h.s. of
the Einstein equations and |g| is the determinant of the metric tensor.
The Einstein equations can be rewritten in the form [11]
√
|g|(T ki +E t ki ) = FU kli ,l, (2.2)
where (in holonomic coordinates)
FU
kl
i = (−)FU lki = α
gia√
|g|
[(−g)(gkaglb − glagkb)],b (2.3)
are Freud’s superpotentials while
Et
k
i = α
{
δki g
ms(ΓlmrΓ
r
sl − ΓrmsΓlrl)
+ gms,i[Γ
k
ms −
1
2
(Γktpg
tp − Γltlgkt)gms −
1
2
(δksΓ
l
ml + δ
k
mΓ
l
sl)]
}
, (2.4)
is the Einstein’s gravitational energy-momentum pseudotensor. Here we have taken (c =
G = 1)
1Levi-Civita connection is symmetric in holonomic coordinates.
3
α =
1
16π
. (2.5)
Since Et
k
i can also be obtained from Einstein Lagrangian of the gravitational field as a canon-
ical object (see e.g. [10]), then it is usually called the Einstein canonical energy-momentum
pseudotensor for the gravitational field. On the other hand, EK
k
i is called the Einstein
canonical energy-momentum complex for matter and gravitation. From (2.2) one gets the
local, differential energy-momentum conservation laws
[
√
|g|(T ki +E t ki )],k = 0 (2.6)
and the integral conservation laws (Synge’s conservation laws)
∮
∂Ω
√
|g|(T ki +E t ki )dσk = 0, (2.7)
where ∂Ω is a boundary of a four-dimensional, compact domain Ω, and dσk is the three-
dimensional volume element [10].
In order to fill the gap for an energy-momentum tensor in general relativity, one can
introduce the canonical superenergy tensor (and also other superenergy tensors) which was
done in series of papers [12–15]2. The idea of superenergy (originally introduced for the
gravitational field) is quite universal in the sense that for any physical field with an energy-
momentum tensor or pseudotensor constructed of Γikl one can always build up the corre-
sponding superenergy tensor.
The general definition of the superenergy tensor S ba (P ) which can be applied to an
arbitrary gravitational as well as matter field is
S
(b)
(a) (P ) = S
b
a := lim
Ω→P
∫
Ω
[
T
(b)
(a) (y)− T (b)(a) (P )
]
dΩ
1/2
∫
Ω
σ(P ; y)dΩ
, (2.8)
where
2In this paper we use the signature (− +++) despite (+−−−) used in [12–15].
4
T
(b)
(a) (y) := T
k
i (y)e
i
(a)(y)e
(b)
k (y),
T
(b)
(a) (P ) := T
k
i (P )e
i
(a)(P )e
(b)
k (P ) = T
b
a (P ) (2.9)
are the tetrad components of a tensor or a pseudotensor field T ki (y) which describe an
energy-momentum, y is the collection of normal coordinates NC(P) at a given point P,
σ(P, y) is the world-function, ei(a)(y), e
(b)
k (y) denote an orthonormal tetrad field and its
dual, respectively, ei(a)(P ) = δ
i
a, e
(a)
k (P ) = δ
a
k , e
i
(a)(y)e
(b)
i (y) = δ
b
a, and they are paralell
propagated along geodesics through P. For a sufficiently small domain Ω which surrounds
P we require
∫
Ω
yidΩ = 0,
∫
Ω
yiykdΩ = δikM, (2.10)
where
M =
∫
Ω
(y0)2dΩ =
∫
Ω
(y1)2dΩ =
∫
Ω
(y2)2dΩ =
∫
Ω
(y3)2dΩ (2.11)
is a common value of the moments of inertia of the domain Ω with respect to the subspaces
yi = 0. The procedure of an ”averaging” of the energy-momentum given in (2.8) is an
amended version of the procedure proposed by Pirani [16].
Let us choose Ω as a small ball defined by
(y0)2 + (y1)2 + (y2)2 + (y3)2 ≤ R2, (2.12)
which can be described in a covariant way in terms of the auxiliary positive-definite metric
hik := 2vivk + gik, where vi are the components of the four-velocity vector of an observer O
at rest at P. As for the world function we choose [17]
σ(P ; y)=˙
1
2
(−(y0)2 + (y1)2 + (y2)2 + (y3)2) (2.13)
and =˙ means it is valid only in some special coordinates. The world function can covariantly
be defined by the eikonal-like equation
gik∂iσ∂kσ = 2σ, (2.14)
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with conditions: σ(P, P ) = 0, ∂iσ(P, P ) = 0. The equation (2.14) allows to rewrite (2.12)
by
hik∂iσ∂kσ ≤ R2. (2.15)
Since at P the tetrad and normal components are equal, from now on we will write the
components of any quantity at P without (tetrad) brackets, e.g., S ba (P ) instead of S
(b)
(a) (P )
and so on.
Let us now make the following expansion for the energy-momentum tensor of matter [18]
T ki (y) = Tˆ
k
i +∇lTˆ ki yl + 1/2Tˆ ki ,lmylym +R3
= Tˆ ki +∇lTˆ ki yl + 1/2
[
∇(l∇m)Tˆ ki
− 1/3Rˆc(l|i|m)Tˆ kc + 1/3Rˆk(l|c|m)Tˆ ci
]
ylym +R3, (2.16)
ei(a)(y) = eˆ
i
(a) + 1/6Rˆ
i
lkmeˆ
k
(a)y
lym +R3, (2.17)
e
(b)
k (y) = eˆ
(b)
k − 1/6Rˆplkmeˆ(b)p ylym +R3, (2.18)
which gives (2.8) in the form
mS
b
a (P ) = lim
Ω→P
∫
Ω
(∇lTˆ bayl + 1/2∇(l∇m)Tˆ baylym + THO)dΩ
1/2
∫
Ω
σ(P ; y)dΩ
. (2.19)
THO means the terms of higher order in the expansion of the differences T
(b)
(a)(y)−T (b)(a) (P ) =
T
(b)
(a) (y)− Tˆ ba , R3 is the remainder of the third order, ∇ denotes covariant differentiation, and
a hat denotes the value of an object at P.
The first and THO terms in the numerator of (2.19) do not contribute to mS
b
a(P ). Hence,
we finally get from (2.19)
mS
b
a(P ) = δ
lm∇(l∇m)T ba . (2.20)
By introducing the four-velocity vl = δl0, v
lvl = −1 of an observer O at rest at P and the
local metric gˆab=˙ηab (ηab - Minkowski metric), one can write (2.20) in a covariant way as
6
mS
b
a (P ; v
l) = (2vlvm + glm)∇(l∇m)T ba . (2.21)
This is the matter superenergy tensor mS
b
a(P ; v
l) and it is symmetric. Of course, as a result
of Pirani’s ”averaging” it does not satisfy any local conservation laws in general relativity.
However, it satisfies trivial3 conservation laws in special relativity.
Now let us take the gravitational field and make the expansion
Et
k
i (y) =
α
9
[Bˆkilm + Pˆ
k
ilm − 1/2δki Rˆabcl(Rˆabcm + Rˆacbm) + 2δki Rˆ(l|gRˆg|m)
− 3Rˆi(l|Rˆk|m) + 2Rˆk(gi)(l|Rˆg|m)]ylym +R3. (2.22)
This expansion (2.22) with the help of (2.17)-(2.18) gives the canonical superenergy tensor
for the gravitational field
gS
b
a (P ; v
l) = (2vlvm + glm)W ba lm, (2.23)
where
W ba lm =
2α
9
[Bbalm + P
b
alm
− 1
2
δbaR
ijk
m(Rijkl +Rikjl) + 2δ
b
aR(l|gR
g
|m)
− 3Ra(l|Rb|m) + 2Rb(ag)(l|Rg|m)], (2.24)
and
Bbalm := 2R
bik
(l|Raik|m) −
1
2
δbaR
ijk
lRijkm, (2.25)
is the Bel–Robinson tensor, while
P balm := 2R
bik
(l|Raki|m) −
1
2
δbaR
ijk
lRikjm. (2.26)
In vacuum, gS
b
a (P ; v
l) reduces to a simpler form
3They are trivial because the integral superenergetic quantities for a closed system in special
relativity vanish.
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gS
b
a (P ; v
l) =
8α
9
(2vlvm + glm)[Rb(ik)(l|Raik|m) − 1/2δbaRi(kp)(l|Rikp|m)], (2.27)
which is also symmetric and the quadratic form gSab(P ; v
l)vavb is positive-definite. The
canonical superenergy tensor gS
b
a (P ; v
l) is a tensor, contrary to the fact that the components
Et
k
i do not form any geometric object. This is a consequence of the specific properties of
the normal coordinates.
Our main conjecture is that gS
b
a (P ; v
l) should be taken as a substitute for the energy-
momentum tensor for the gravitational field. Its advantage is that it contains the Bel-
Robinson tensor, which is a conserved quantity in vacuum. Unfortunately, superenergy
tensors do not fulfill any conservation law. The components of gS
b
a (P ; v
l) and mS
b
a (P ; v
l)
have the dimension which can be written down as: [the dimension of the components of
an energy-momentum tensor (or pseudotensor)] ×m−2. This might be considered to have
a straightforward physical interpretation - namely: the energy-momentum tensor (or pseu-
dotensor) is the flux of the appropriate superenergy tensor. Following Bel and Robinson, we
call these tensors the (canonical) superenergy tensors.
III. SUPERMOMENTUM TENSORS
The idea to extend the notion of superenergy onto the angular momentum has also been
proposed [14].
As it is known, the notion of an angular momentum in general relativity is much more
complicated and obscure than the notion of an energy-momentum (see e.g. [19]). Even the
matter field does not possess an angular momentum tensor because, in general, the radius
vector cannot be defined. Moreover, one has serious difficulties with an invariant definition of
the angular momentum in an asymptotically flat spacetime (at null or spatial infinity) [19],
and with convergence of the resulting global angular momentum integrals in radiative spaces.
However, for a closed system, i.e., in the case of an insular and nonradiating system [11],
one can correctly define a global angular momentum, for example, by using Landau-Lifschitz
[10] or Bergmann-Thomson [20] angular momentum complex. In an arbitrary asymptotically
8
flat spacetime one can construct a reasonable formula which gives temporal changes of the
angular momentum [21].
The canonical angular supermomentum tensors introduced in [14] have much better
geometric properties (they are tensors) than the angular momentum complexes from which
they were obtained and they lead to global integrals which have better convergence (at
least one order better in 0(r−n)) than the corresponding global angular momenta integrals.
It means that the global angular supermomenta can also be defined in the cases where
the (global) angular momentum cannot be defined at all, i.e., when the suitable angular
momentum integrals are divergent.
The canonical angular supermomentum tensors, analogous to the case of the canonical
superenergy tensors, can be considered as substitutes for the angular momentum tensors of
matter and gravitation which do not appear in general relativity. The constructive definition
of these tensors, in analogy to the definition of the canonical superenergy tensors, is as
follows. In normal coordinates NC(P) we define
S(a)(b)(c)(P ) = Sabc(P ) := lim
Ω→P
∫
Ω
[M (a)(b)(c)(y)−M (a)(b)(c)(P )]dΩ
1/2
∫
Ω
σ(P ; y)dΩ
, (3.1)
where
M (a)(b)(c)(y) :=M ikl(y)e
(a)
i (y)e
(b)
k (y)e
(c)
l (y), (3.2)
M (a)(b)(c)(P ) := M ikl(P )e
(a)
i (P )e
(b)
k (P )e
(c)
l (P ) =M
ikl(P )δai δ
b
kδ
c
l
= Mabc(P ) (3.3)
are the physical (or tetrad) components of the field M ikl(y) = (−)Mkil(y) which describe
angular momentum densities. As in (2.17)-(2.18), ei(a)(y), e
(b)
k (y) denote orthonormal bases
such that ei(a)(P ) = δ
i
a and its dual are parallel propagated along geodesics through P and
Ω is a sufficiently small ball with centre at P. At P the tetrad and normal components of an
object are equal. We apply this again (cf. Section II) and omit tetrad brackets for indices of
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any quantity attached to the point P; for example, we write Sabc(P ) instead of S(a)(b)(c)(P )
and so on.
For matter as M ikl(y) we take
mM
ikl(y) =
√
|g|(yiT kl − ykT il), (3.4)
where T ik are the components of a symmetric energy-momentum tensor of matter and
yi denote the normal coordinates. The formula (3.4) gives the total angular momentum
densities, orbital and spinorial because the dynamical energy-momentum tensor of matter
T ik comes from the canonical energy-momentum tensor by using the Belinfante-Rosenfeld
symmetrization procedure and, therefore, includes the spin of matter [20]. Note that the
normal coordinates yi form the components of the local radius-vector ~y with respect to the
origin P. In consequence, the components of the mM
ikl(y) form a tensor density.
For the gravitational field we take the gravitational angular momentum pseudotensor
proposed by Bergmann and Thomson [20] as
gM
ikl(y) =F U
i[kl](y)−F Uk[il](y) +
√
|g|(yiBT tkl − ykBT til), (3.5)
where
FU
i[kl] := gimF U
[kl]
m (3.6)
are von Freud superpotentials, and
BT t
kl := gkiE t
l
i +
gmk,p√
|g|
F
U [lp]m (3.7)
is the Bergmann-Thomson gravitational energy-momentum pseudotensor. It is closely re-
lated to the canonical energy-momentum complex and has better transformational properties
than the pseudotensor given by Landau and Lifschitz [10,22]. This is why we apply them
here.
One can interpret the Bergmann-Thomson pseudotensor as the sum of the spinorial part
Sikl :=F U
i[kl] −F Uk[il] (3.8)
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and the orbital part
Oikl :=
√
|g|(yiBT tkl − ykBT til) (3.9)
of the gravitational angular momentum densities.
Substitution of (3.4) and (3.5) (expanded up to third order) into (3.1) gives the canonical
angular supermomentum tensors for matter and gravitation, respectively [14],
mS
abc(P ; vl) = 2[(2vavp + gap)∇pT bc
− (2vbvp + gbp)∇pT ac], (3.10)
gS
abc(P ; vl) = α(2vpvt + gpt)[(gacgbr − gbcgar)∇(tRpr)
+ 2gar∇(tR(bpc)r) − 2gbr∇(tR(apc)r)
+
2
3
gbc(∇rRr(tap) −∇(pRat))
− 2
3
gac(∇rRr(tbp) −∇(pRbt))]. (3.11)
Both these tensors are antisymmetric in the first two indices Sabc = −Sbac. In vacuum, the
gravitational canonical angular supermomentum tensor (3.11) simplifies to
gS
abc(P ; vl) = 2α(2vˆpvˆt + gˆpt)[gˆar∇(pRˆ(btc)r) − gˆbr∇(pRˆ(atc)r)]. (3.12)
Note that the orbital part Oikl =
√
|g|(yiBT tkl − ykBT til) gives no contribution to
gS
abc(P ; vl). Only the spinorial part Sikl =F U
i[kl] −F Uk[il] contributes. Also, the canoni-
cal angular supermomentum tensor gS
abc(P ; vl) and mS
abc(P ; vl) of gravitation and matter
do not require the introduction of the notion of a radius vector. In special relativity the
canonical angular supermomentum tensor for matter, similarly as the canonical superenergy
tensor for matter, satisfies trivial conservation laws.
Supermomentum tensors can be decomposed into their tensor (t), vector (v) and axial
(a) (totally antisymmetric) parts as follows
Sabc =(t) Sabc +(v) Sabc +(a) Sabc, (3.13)
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where
(v)Sabc :=
1
3
(gbcV a − gacV b), (3.14)
(a)Sabc = S [abc] := ǫdabcad, (3.15)
V a := Sabb, a
d := −1
6
ǫdabcSabc. (3.16)
The tensorial part of (t)Sabc of a angular supermomentum tensor can be defined as the
difference (t)Sabc := Sabc − ((v)Sabc +(a) Sabc).
The canonical superenergy tensors and the canonical angular supermomentum tensors
have successfully been calculated for plane, plane-fronted and cylindrical gravitational waves,
Friedmann universes, Schwarzschild, and Kerr spacetimes [12–15].
The results are quite promising. For example, the superenergy densities (which are
scalars) are positive-definite for Friedman universes and they are very useful to study the
nature of the initial singularity in these universes. Moreover, the components of the angular
supermomentum tensors for Friedman universes are equal to zero. By use of the our superen-
ergy and angular supermomentum tensors one can also prove that a real gravitational wave
with Riklm 6= 0 possesses and carries positive-definite superenergy, supermomentum and
angular supermomentum, and therefore it must also have and carry the energy-momentum
and the angular momentum. The general conclusion from our investigations in this field is
that the canonical superenergy and canonical angular supermomentum tensors give a very
useful tool for local and global analysis of the gravitational and matter fields.
IV. OTHER APPROACHES TO SUPERENERGY TENSORS
As we have already remarked we have introduced the superenergy and angular super-
momentum tensors for matter owing to universality of these tensors. We think that these
tensors are necessary for a complete description of matter and gravity. After introducing
the canonical superenergy and angular supermomentum tensors for matter one can define
the total canonical superenergy and angular supermomentum tensors for matter and grav-
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itation [12–15] (as sums of these tensors) and apply these total superenergy and angular
supermomentum tensors to analyse a closed system, for example. The total superenergy
and angular supermomentum tensors in an obvious way correspond to energy-momentum
and angular momentum complexes. The total canonical superenergy and total canonical
angular supermomentum tensors allow to study the exchange of superenergy and supermo-
mentum between gravitation and matter. Up to now, this problem has just been studied
qualitatively.
Of course, there exist other approaches to the problem of superenergy tensors for grav-
itation and for matter. All of them originated from attempts to interpret physically the
Bel-Robinson tensor [23–27]. Recent and the most thorough investigations in this field
(restricted to superenergy tensors only) have been given by Senovilla [24].
Senovilla proposes a very general and pure algebraic method for a construction of an
infinite sequence of the super(k)–energy tensors (k = 1, 2, 3, ...) for any linear physical field
Ψ. This method is independent of the field equations and formalism of the canonical energy-
momentum. It is a formal generalization (onto any physical field Ψ which satisfies linear
field equations and onto its covariant derivatives of an arbitrary order) of the algebraic
method of the construction of the symmetric energy-momentum tensor for electromagnetic
field and of the Bel-Robinson and Bel tensors4. Of course, a symmetric energy-momentum
of the field Ψ, the symmetric energy-momentum tensor for the electromagnetic field, the
Bel-Robinson and Bel tensors are included in the infinite sequences of the super(k) –energy
tensors. For example, the Bel-Robinson tensor is the super(1) –energy-tensor for the Weyl
curvature tensor field and the symmetric energy-momentum tensor for electromagnetic field
is super(2) –energy tensor for this field.
A general method of construction of the super(k)–energy tensors (k = 1, 2, 3, ...) for a
linear field (but only in special relativity), similar to the method given in [24], was also
4In vacuum these two tensors coincide.
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proposed by Teyssandier [25].
It is difficult to find a link between our superenergy tensors and the tensors given in [24]
(or in [25]). One can only say that in general our superenergy tensors correspond, in some
sense, to those superenergy tensors given in [24] (or in [25]) which are constructed from
derivatives of the third order of a physical field Ψ,i.e., our superenergy tensors correspond
to the super(4)- energy tensors of Senovilla (or Teyssandier).
Our approach seems to be much simpler than the approach developed in [24] (or in [25])
and it has profound physical meaning: our superenergy (and supermomentum) tensors are
simply the tensors of an averaged relative energy-momentum (and relative angular momen-
tum). In gravitational case our superenergy and angular supermomentum tensors extract
covariant information about gravitational field which is hidden in gravitational pseudoten-
sors.
In special relativity our superenergy and supermomentum tensors do not introduce any
new intrinsic conservation laws for a closed system apart from those which are satisfied by
the symmetric energy-momentum tensor. On the other hand, the approach developed in
[24] (or in [25]) is far from the standard formalism of the energy-momentum, e.g., in this
approach one can try to give a physical meaning to infinite sequence of derivatives of a
linear physical field Ψ and in special relativity this approach leads to an infinitely many
conservation laws for such a field and its derivatives. From these conservation laws, in fact,
only the 10 conservation laws, satisfied by the symmetric energy-momentum tensor of Ψ,
can be physically valid.
Our superenergy and angular supermomentum tensors satisfy only 10 local conservation
laws in special relativity as a consequence of the 10 conservation laws which are satisfied
by the symmetric energy-momentum tensor of matter. However, these local conservation
laws are trivial in the sense that they do not lead to any new integral conservation laws for a
closed system because the integral superenergetic quantities calculated from our superenergy
and angular supermomentum tensors are all equal to zero for a closed system. So, we have
only 10 intrinsic conservation laws which are satisfied by the symmetric energy-momentum
14
tensor, i.e., exactly the number of conservation laws required in special relativity.
It seems to us that one needs also some deeper physical interpretation to super(k)–energy
tensors (k = 1, 2, 3, ...) (except those which are simply symmetric energy-momentum tensors
of the appropriate fields). This is because all the physical content of any physical field Ψ in
general relativity is contained in Einstein equations with the symmetric energy-momentum
of this field as sources and in the field equations which are satisfied by the field Ψ.
Resuming, we think that our definition of the superenergy (and angular supermomentum)
tensors in general relativity is very useful from practical point of view and has a good physical
motivation. In consequence, we will confine in the following to our approach.
V. SUPERENERGETIC QUANTITIES FOR ACAUSAL GO¨DEL SPACETIME
The Go¨del metric describes a space-time homogeneous, but anisotropic universe [1].
There exists a five-dimensional group of isometries which acts in Go¨del universe and it
is transitive. Its line element in cylindrical coordinates (x0, x1, x2, x3) ≡ (t, r, ψ, z) in an
orthonormal frame is given by [5]
ds2 = −(e0)2 + (e1)2 + (e2)2 + (e3)2, (5.1)
where
e0 = dt+H(r)dψ
e1 = dr
e2 = D(r)dψ
e3 = dz (5.2)
and the radial functions have the form
H(r) =
√
2D(r) = e
√
2Ωr (5.3)
with Ω constant. In a Go¨del universe, the four-velocity of matter is ul = δl0 and the rotation
vector is V l = Ωδl3, while the vorticity scalar is given by ω = Ω/
√
2. The Go¨del metric
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(5.1) is a solution to the Einstein’s field equations for matter containing dust with constant
energy density ̺ and the (negative) cosmological constant. The energy-momentum tensor
is [28]
Tab = T
(d)
ab + T
Λ
ab, (5.4)
where
T
(d)
ab = ̺vavb, (5.5)
T
(Λ)
ab = −
Λ
8π
ηab, (5.6)
or, explicitely,
T
(d)
00 = ̺, T
(d)
11 = T
(d)
22 = T
(d)
33 = 0 (5.7)
T
(Λ)
00 = −T (Λ)11 = −T (Λ)22 = −T (Λ)33 =
Λ
8π
, (5.8)
and the following relation must be fulfilled
4π̺ = Ω2 = −Λ = const. (5.9)
The unexpected property of the metric (5.1) with H and D given by (5.3) is that it
permits time travel, i.e., there exists a closed timelike curve (CTC) through every point of
spacetime [2]. In other words, this spacetime contains a closed chronological curve and so
a chronology-violating time machine [28]. A time machine is an object or a system which
permits travel into the past - this leads to a paradox, since one is then also able to influence
one’s own future (which is also one’s past). There exist chronology-violating time machines
and causality-violating time machines (those which allows either timelike or null closed
curves). Chronology violation implies causality violation and this is why we speak in this
section about an acausal Go¨del model. Another problem is that CTCs make it impossible
to foliate Go¨del spacetime into spacelike hypersurfaces, so that Cauchy problem is ill-posed
since one cannot say what are the ”initial data” which evolve (in fact, these data do not
exist at all). This also means there exists no global cosmic time coordinate t, despite the
fact that the Go¨del spacetime is geodesically complete.
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Since even the simple Minkowski spacetime can be made to contain CTCs by simply
identifying points with t = 0 and t = T for t ∈ [0, T ] which nobody believes it is acceptable,
then most of the physicists consider Go¨del model as unphysical [28]. This was best expressed
in terms of the Hawking’s chronology protection conjecture [29] which says that time travel
is completely forbidden in the universe. As we shall see in Section VI one is able to find a
generalized Go¨del model which is chronology-protected.
Because in acausal Go¨del universe the spatial hypersurfaces t = const do not exist we
confine only to the local analysis of the superenergy and angular supermomentum in this
universe.
The only nonvanishing components of the Ricci rotation coefficients γkab for the metric
(5.1) are given in the Appendix while the Riemann tensor components in an orthonormal
frame permitted by the spacetime homogeneity of the Go¨del universe are [5,6]
R0101 = R0202 =
1
4
(
H ′
D
)2
= Ω2, R1212 =
3
4
(
H ′
D
)2
− D
′′
D
= Ω2, (5.10)
and the prime means the derivative with respect to r. The nonzero components of the Ricci
tensor and the Ricci scalar read as
R00 = 2Ω
2, R11 = R22 = 0, R = −2Ω2. (5.11)
In this paper we take the natural orthonormal frame (5.1) for Go¨del spacetime as the basic
tetrads of theNC(P) (P – variable). In consequence, we have vl = ul = δl0 and g
ab(P) = ηab.
First let us calculate the superenergy of matter. From (2.21) we have for the metric (5.1)
mSab = Tab;(00) + Tab;(11) + Tab;(22) + Tab;(33), (5.12)
where we have replaced ∇(. . .) by (. . .);. Since
T
(Λ)
ma;bc = (−Λ)ηma;bc = (−Λ)
{[
ηma,b − γkmbηka − γkabηmk
]
,c
− γkmc
(
ηka,b − γlkbηla − γlabηkl
)
−γkac
(
ηmk,b − γlmbηlk − γlkbηml
)
− γkbc
(
ηma,k − γlmkηla − γlakηml
)}
, (5.13)
then applying the appropriate coefficients γabc for metric (5.1) (see Appendix) one can easily
show that the cosmological constant does not contribute to superenergy at all, i.e.,
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mS
(Λ)
ab = 0. (5.14)
However, for the dust we have
T
(d)
ma;bc =
[
T
(d)
ma,b − γkmbT (d)ka − γkabT (d)mk
]
,c
− γkmc
(
T
(d)
ka,b − γlkbT (d)la − γlabT (d)kl
)
−γkac
(
T
(d)
mk,b − γlmbT (d)lk − γlkbT (d)ml
)
− γkbc
(
T
(d)
ma,k − γlmkT (d)la − γlakT (d)ml
)
, (5.15)
and we calculate that it contributes to the superenergy of matter, and the canonical su-
perenergy tensor (2.21) for matter fields read as
mS
0
0 = −
Ω4
π
, mS
1
1 =m S
2
2 =
Ω4
2π
. (5.16)
It is obvious from (5.16) that the superenergy tensor of matter for Go¨del models is traceless.
For the gravitational field, the non-vanishing components of the canonical superenergy
tensor (2.23) are
gS
0
0 = −
Ω4
36π
, gS
1
1 =g S
2
2 = −
Ω4
9π
, gS
3
3 = −
7Ω4
36π
. (5.17)
From (5.17) we notice that superenergy density S00 is positive.
On the other hand, the components of the canonical angular supermomentum tensors
for matter fields (3.10) are
mS
012 =
Ω3
2π
, mS
201 =
Ω3
2π
, mS
120 = −Ω
3
π
, (5.18)
while for the gravitational field (3.11) one has
gS
012 =
4Ω3
24π
, gS
201 =
13Ω3
24π
, gS
120 = −17Ω
3
24π
. (5.19)
It is easy to notice that axial (totally antisymmetric) parts of both mS
abc and gS
abc given
by equations (5.18) and (5.19) for Go¨del model (5.1) vanish, i.e., the antisymmetric part
(a)Sabc = S [abc] = ǫ3abcA3 = 0, (5.20)
where
A3 = −1
6
ǫ3abcS
abc. (5.21)
This is also the case for the vector part of supermomentum tensor (V )Sabc = 0, so that only
pure tensorial part remains non-vanishing (see Eq. (3.13)).
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VI. SUPERENERGETIC QUANTITIES FOR CAUSAL GO¨DEL SPACETIME
A completely causal Go¨del universe with matter source being the scalar field without
potential and (negative) cosmological constant has been found by Rebouc¸as and Tiomno
[5]. Its metric can be written in the form (5.1) provided we replace H(r) and D(r) into the
following generalized functions of the radial coordinate
H(r) =
4Ω
m2
sinh2
(
mr
2
)
, (6.1)
D(r) =
1
m
sinh (mr). (6.2)
This allows to write the metric (5.1) in the form
ds2 = −dt2 − 2H(r)dtdψ +G(r)dψ2 + dr2 + dz2, (6.3)
where
G(r) =
4
m2
sinh2
(
mr
2
)[
1 +
(
1− 4Ω
2
m2
)
sinh2
(
mr
2
)]
, (6.4)
with m and Ω constants. This model is causal (there are no CTCs) because
G(r) = D2(r)−H2(r) > 0 (6.5)
for
4Ω2 = m2, (6.6)
and the term in front of dψ2 in the metric (6.3) remains positive. The conditions (6.5) and
(6.6) remove CTCs to a point which is formally at r →∞. On the other hand, the function
H(r) can always be made zero in a more general class of models studied in Refs. [30,31] for
which there are no CTCs for any value of the radial coordinate r > 0. The Go¨del model
(5.1) is obtained by taking
2Ω2 = m2 (6.7)
in (5.3) and it does not fulfil the condition (6.5).
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The only nonvanishing components of the Riemann tensor for the metric (6.3) in an
orthonormal frame are [5,6]
R0101 = R0202 =
1
4
(
H ′
D
)2
= Ω2, R1212 =
3
4
(
H ′
D
)2
− D
′′
D
= −Ω2. (6.8)
The nonzero components of the Ricci tensor and the Ricci scalar read as
R00 = 2Ω
2, R11 = R22 = −2Ω2, R = −6Ω2. (6.9)
The scalar field depends only on the coordinate along the axis of rotation, z, i.e.,
φ = φ(z) = ez + φ0, (6.10)
where e and φ0 are constants. The energy-momentum tensor of the scalar field reads as
T
(φ)
ab = φ;aφ;b −
1
2
ηabφ;mφ
;m, (6.11)
so because φ;a = eδ
3
a, then one has
T00 = −T11 = −T22 = T33 = 1
2
e2. (6.12)
For the cosmological term we have the energy-momentum tensor given again by (5.6). The
following relation between parameters Λ,Ω and e has to be fulfilled
Λ = −2Ω2 = −8πe2. (6.13)
After simple, but tedious calculations (see Appendix) we have found that all components
of the canonical superenergy tensor (2.21) for matter fields (6.11)-(5.6) vanish (we have
already shown in the Section V that this is the case for the cosmological constant), i.e.
mS
b
a = 0 (6.14)
For the gravitational field, the non-vanishing components of the canonical superenergy
tensor (2.23) are
gS
0
0 =
Ω4
4π
, gS
1
1 =g S
2
2 = −
Ω4
36π
, gS
3
3 = −
Ω4
12π
. (6.15)
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From (6.15) it follows that the price to pay for causality is the negative superenergy density
gS00 < 0.
On the other hand, the components of the canonical angular supermomentum tensors
for matter fields (3.10) vanish
mS
abc = 0, (6.16)
while for the gravitational field (3.11) one has
gS
012 = 0, gS
201 =
√
2Ω3
24π
, gS
120 = −
√
2Ω3
24π
. (6.17)
It is easy to notice that gS
abc given by (6.17) for Go¨del model (6.3) is axial-free and vector-
free (cf. Eq. (3.13), i.e.,
(a)S [abc] = ǫ3abcA3 = 0, (6.18)
(V )Sabc = 0. (6.19)
VII. CONCLUSION
We have calculated the canonical superenergy tensor and the canonical angular super-
momentum tensor for homogeneous rotating Go¨del universes. We considered the original
pressureless dust plus dosmological constant model found by Go¨del in 1949 which admits
CTCs (acausal model) and the scalar-field plus cosmological constant model found by Re-
bouc¸as and Tiomno in 1983 which is free from CTCs (causal model). Due to the peculiarity
of Go¨del spacetimes we expected the appearance of some interesting properties of the cal-
culated superenergetic quantities. On the other hand, because of rotation we expected the
appearance of some non-vanishing components of the angular supermomentum tensor. For
the acausal model the non-vanishing components of superenergy of matter are different from
those of gravitation. The matter superenergy tensor is traceless. The angular supermomen-
tum tensors of matter and gravitation do not vanish either which simply reflects the fact
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that Go¨del universe rotates. It emerges that the supermomentum tensors have vanishing
totally antisymmetric (axial) and vectorial parts. For the causal model superenergy and su-
permomentum of matter vanish. However, superenergy and supermomentum of gravitation
do not vanish. On the other hand, superenergy density for the causal model is negative and
its supermomentum is axial-free and vector-free as for the acausal model.
It is interesting that superenergetic quantities are sensitive to causality in a way that
superenergy density gS00 of gravitation in the acausal model is positive, while superenergy
density gS00 in the causal model is negative. That means superenergetic quantities might
serve as criterion of causality in cosmology and prove useful.
Another point is that although both Go¨del-type models have as a source of gravity the
cosmological constant it does not contribute to their superenergy and supermomentum at
all.
For our requirements it is important that in the acausal Go¨del universe does not exist a
global cosmic time coordinate t. This is the reason why we confine only to local analysis of
the superenergy and the angular supermomentum in this universe. However, it is different in
a causal Go¨del-Rebouc¸as-Tiomno universe where the global hypersurfaces t = const. exist,
so it would be possible to calculate the energetic quantities, i.e., the energy, the momentum
and the angular momentum for these universes and compare the results with superenergetic
quantities. Such analysis has already been given for Friedman universes [13,14].
Finally, we believe that superenergetic quantities give quite a lot of physical information
about the specific properties of Go¨del spacetime which make these quantities useful.
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APPENDIX A: USEFUL FORMULAS TO CALCULATE SUPERENERGY AND
SUPERMOMENTUM
The Ricci rotation coefficients for a generalized Go¨del model (6.3) are
γ012 = γ
1
20 = γ
1
02 =
m√
2
,
γ021 = γ
2
10 = γ
2
01 = −
m√
2
,
γ122 = −γ212 = −m. (A1)
According to (6.6) and (6.7) one has to put m =
√
2Ω for Go¨del model and m = 2Ω for
Rebouc¸as and Tiomno model.
The nonzero components of the Bel-Robinson tensor (2.25) are
B000
0 = −B3300 = 2Ω4,
B001
1 = B002
2 = B003
3 = −B1122 = −B2211 = −8Ω4 + 6Ω2m2 −m4,
B222
2 = B111
1 = −B3311 = −B3322 = 10Ω4 − 6Ω2m2 +m4. (A2)
The non-vanishing components of the tensor (2.26) are
P 000
0 = 3Ω4, P 110
0 = P 220
0 = −P 3300 = −P 3311 = −P 3322 = Ω4,
P 001
1 = P 002
2 = P 003
3 = −1
2
(
6Ω4 − 6Ω2m2 +m4
)
,
P 111
1 = P 222
2 =
3
2
(
10Ω4 − 6Ω2m2 +m4
)
,
P 112
2 = P 221
1 =
1
2
(
26Ω4 − 18Ω2m2 +m4
)
. (A3)
We also define (see Eq. (2.24))
Riem2ll := −
1
2
Rijkm(Rijkl +Rikjl), (A4)
which has non-vanishing components
Riem200 = −3Ω4, Riem211 = Riem222 = −
3
2
(
10Ω4 − 6Ω2m2 +m4
)
. (A5)
Another object which we define is
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a
aRicll := 2δ
b
aR(l|gR
g
|l) − 3Ra(l|Rb|l) + 2Rb(ag)(l|Rg|l), (A6)
and its nonzero components are
0
0Ric
0
0 = −4Ω4, 11Ric00 =22 Ric00 = 10Ω4, 33Ric00 = 8Ω4,
0
0Ric
1
1 =
0
0Ric
2
2 = 6Ω
4 − 7Ω2m2 + 2m4, 11Ric22 =22 Ric11 = 14Ω4 − 13Ω2m2 + 3m4,
1
1Ric
1
1 =
2
2Ric
2
2 = −4Ω4 + 4Ω2m2 −m4, 33Ric11 =33 Ric22 =
(
2Ω2 −m2
)2
. (A7)
Finally, the non-vanishing components of the superenergy tensor (2.23) are
gS
1
1 = gS
2
2 =
2α
9
[
18Ω4 − 21Ω2m2 + 4m4
]
,
gS33 =
2α
9
[
−30Ω4 + 10Ω2m2 −m4
]
,
gS00 =
2α
9
[
−38Ω4 + 22Ω2m2 − 2m4
]
. (A8)
In order to calculate supermomentum of gravity we need covariant derivatives of the Riemann
tensor
Rbp
c
r;t = R
b
p
c
r,t + γ
b
ktR
k
p
c
r − γkptRbkcr + γcktRbpkr − γkrtRbpck, (A9)
which have nonzero components
R20
1
0;0 = R
1
0
2
0;0 =
m√
2
Ω2, R21
1
0;1 = R
1
0
2
1;1 = − m√
2
(
−2Ω2 +m2
)
,
R12
2
0;2 = R
2
0
1
2;2 = R
0
2
1
2;2 = R
1
2
0
2;2 = R
0
1
1
2;1 = R
1
2
0
1;1 =
m√
2
(
4Ω2 −m2
)
,
R02
2
1;2 = R
2
1
0
2;2 = R
0
1
2
1;1 = R
2
1
0
1;1 = − m√
2
(
4Ω2 −m2
)
, (A10)
and finally for (3.11) we have
1
α g
S012 =
2
√
2m
3
(
4Ω2 −m2
)
,
1
α g
S021 =
√
2m
3
(
−25Ω2 + 6m2
)
,
1
α g
S120 =
√
2m
3
(
−33Ω2 + 8m2
)
. (A11)
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